
 

 

 

 

 

 

 

 

9  Trigonometry (1) 
 

9.1 The sine and cosine rules  

The  sine rule and the cosine rule extend 

trigonometry to triangles which are not necessarily 

right-angled. 

When labeling the sides and angles of the triangle 

ABC , the convention is that each side is labeled with 

same letter as the  opposite angle. So side c  is 

opposite Ĉ  etc. 

The sine rule is : 

Fig 9.1    

 
ˆ ˆˆsin sin sinA B C

a b c
   

The rule can be written the other way up : 

ˆ ˆ ˆsinsin sin

a b c

BA C
   

The cosine rule is: 

2 2 2 ˆ2 cosc a b ab C    

In this form it gives a side in terms of the other sides and the opposite angle. To find an angle 

in terms of the sides it sides it can be re-written in the form: 
2 2 2

ˆcos
2

a b c
C

ab

 
  

A useful formula for the area of a triangle is: 

1 ˆsin
2

bc A   
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9.1.1 Examples 

 

1. From the point A , a church spire is on a bearing of 020

. I walk 200 m due North to B , and the spire is now on a bearing of 

098 . How far is B  from the church? 

Solution 

Fig 9.2 is a diagram of the situation . ˆ ˆ200, 20 , 82c A B      

Use of the sine rule gives : 
200

sin 20 sin 78

BC


 
 (where a BC ) 

Fig 9.2     69.9BC  m. 

2. In the triangle and ˆ 43C   .Find the possible values of B̂   

Solution  

Use of the sine rule gives:
4

sin 43 0.909
3

   

Â  could either be acute or obtuse. 

ˆ 65.4A    or 180 65.4 114.6     

ˆ 71.6B    or 22.4  

3. In the triangle , 5, 6, 7.ABC AB BC CA    Find Â . 

Solution 

Use the second form of the cosine rule. 
2 2 25 7 6ˆcos 0.543
2 5 7

A
 

 
 

 

57A    

4. A tower is 2  miles away on a bearing of 345 , and a spire is 1.4  miles away on a 

bearing of 036 . How far is the tower from the spire ? 

Solution  

The angle between the two directions is 51 .Use the first form 

of the cosine rule: 
2 2 22 1.4 2 2 1.4 cos51TS         

The distance is 1.56  miles. 

 

Fig 9.3 

9.1.2 Exercises 

1. Find the unknown sides in the following 

triangles. 

(a)    



 
(b)    

 
Fig9.4 

2. Find the unknown angles in the following triangles , given that they are acute. 

(a)    

 
(b)    

 
Fig 9.5 

3. Find the unknown angles in the following triangles, given that they are obtuse. 

(a)   

 
(b)   

 
Fig 9.6 

4. Find the possible value of the unknown angles in the following triangles. 

(a)   



 
(b)   

 
Fig 9.7 

5. In the triangle ˆ, 5, 45ABC AB A   and ˆ 56B  .Find AC and BC . 

6. In the triangle , 12, 14ABC AB BC  and ˆ 54C   . Find the possible values of Â

and of B̂ . 

7. The bearing of a target from a gun is 006 . From  an observation point 300  m to 

the West the bearing is 012 . How far is the target  from the gun? 

8. Aytown  is 20 km from Beetown on a bearing of  080 .The bearing of Ceetown 

from Beetown is 345 , and from Beetown is  027 . How far is Ceetown from 

Beetown? 

9. A surveyor measures the angle of elevation of a tower as 23 . He walks 50  m 

towards the tower, yielding elevation 35 . Hoe far is the tower? 

10. A mountain is on a bearing of 035 . After waking 2  km due North , I am told 

that I am now 1.8  km from the mountain. What are the possible bearings of the 

mountain from my new position? What are the possible bearings of the mountain 

from my new position? What are the possible distances from my original position 

to the mountain  ? 

11. Find the unknown sides in the triangles below left. 

(a)    

 
(b)   



Fig 9.8 

12. Find the unknown angles in the triangles below. 

(a)   

 
(b)    

Fig 9.9 

13. In the triangle , 12, 14, 13.7ABX AB BX CA   . Find the angles of the triangle . 

14. In the triangle  ˆ, 23, 17, 76DEF DE DF D    .Find EF . 

15. I drive 50 miles due North , then tern through 57  and drive a further  43miles. 

How far away am I from my starting point ? 

16. A ship sails 15  km on a bearing of 123 , then for 12  km on a beating of 284 . 

How far is away from its starting point? 

17. The hands of a clock are 5 cm and 8 cm long . What is the distance between the 

tips of the hands at 7 o’clock? 

18. The diagonals of a parallelogram are of length 12cm and 17 cm, and the longer 

side is 13 cm. Find the angle between the diagonals , and the length of the shorter 

side. 

19. Two guns are 200 ma part , and are 1500m and 1600m from a target . What is the 

difference between the bearings of the target from the guns ? 

20. Find the unknown angles of the triangles below . 

(a)   



 
(b)   

Fig 9.10 

21.  Find the areas of the triangles below. 

(a)   

 
(b)    

Fig 9.11 

22. The triangle ABC has ˆ4, 7, 43AB AC A    . Find Ĉ . 

23. The triangle DEF has ˆ8, 7.3, 102DE DF D    . Find Ê . 

24. The triangle ABC has 3, 2.9, 3.7AB BC AC   . Find the area of the triangle . 

25. The triangle DEF has ˆ8, 7.3, 102DE DF D    . Find the possible values of the 

area of the triangle. 

26. The triangle XYZ  has ˆ12, 57 , 76XY X Z     . Find the area of the triangle. 

27. The triangle ABC has 12.7, 6.3, 6.2AB AC BC   .Find Ĉ . What has gone 

wrong ? 

28. Two circles , of radius 12  and 17 cm, are  in the same plane with their centres 25  

cm apart . Find the length the of chord common to both circles. 



9.2 Angles between lines and planes  

Straight lines which are not parallel yet  which do not cross are skew lines.(Fig 9.12) 

 
Fig 9.12       Fig 9.12 

The  angle between two skew lines found by translating one the lines until they do cross. 

(Fig 9.13) 

Suppose a line l  meets a plane   at P . Drop a perpendicular from l , meeting the plane at 

Q .Then the angle between l and PQ .(Fig 9.14) 

 
Fig 9.14        Fig 9.15 

Suppose two planes  and '  intersect in a line l . Take lines m  and 'm ,in  and ' , 

which are perpendicular to l . Then the angle between  and '  is the angle between m  and 

'm .(Fig 9.5) 

Sometimes it is necessary to use the sine or cosine rules in a 3 -dimensional problem. 

9.2.1 Examples  

1.  ABCDEFGH  is a cuboids, in which ABCD  is a rectangle 

vertically above  EFGH . 4, 4, 12AB AD AE   .Find the 

following angles. 

(a)  Between AH and CF  

(b) Between AG and the plane ABCD  

(c) Between the planes BDE  and BDG  

 



Fig 9.16    Solution 

(a)  Translate CF to DE . DE  crosses AH  at  say. The angle 

between AH and CF  is ˆA D . 

The angle between AH  and CF  is 1 2
2 tan 37

6

    

(b) First use Pythagoras to find the length of the diagonal of 

ABCD  

 2 24 4 32AC     

The perpendicular projection of AG  in the plane ABCD  is 

AC The angle between AG  and ABCD  is ˆCAG . 

The angle between and ABCD  is 1 12
tan 65

32

   . 

(c) The line of intersection of BDE and BDG is BD .If  Y  is the 

midpoint of BD , then by symmetry  YE  and YG  are both 

perpendicular to BD . The angle between the  two planes is 

ˆEYG . 

2. ,OA OB  and OC  are line segment  perpendicular to  each other and meeting at O

.Their  lengths are 5  cm , 8 cm, and 7  cm respectively . Find the angle ˆABC . 

Solution  

The length  of  89AB  ; 113BC  ;

74CA   

Now use the cosine rule in triangle ABC . 

89 113 74ˆcos
2 89 113

ABC
 




 

Fig 9.17     

  ˆ 50.3ABC    

 

 

 

9.2.2 Exercises  

1. ABCDEFGH is a cube of side 8 units , in which the square ABCD  is vertically above 

EFGH . Find the  angles between: 

(a) AC and FH  

(b) AD and BE  

(c) AC and BE  

(d) AG and BF . 

2. In the cube of Question 1, find the angles between the following : 

(a) AH and DCGH  

(b) AC and BCGF  

(c) AG and ABCD  



(d) AG and ABGH . 

3. In the cube of Question 1,find the angles between the following: 

(a) ABCD  and ABGH  

(b) ABCD and BDG  

(c) BDG and BDHF  

(d) BDG and CAEG  

4. PQSRWXYZ  is a cuboids, in which PQRS  is directly above WXYZ .

6, 5, 7PQ PS PW   . Find the following  angles : 

(a) Between  PZ and RX  

(b) Between PY and RQ  

(c) Between PY and QRYX  

(d) Between QRZW and PSYX . 

5. VABCD  is a wedge, in which ABCD is a square base of side 8 units . 

12VA VB VC VD     units. Find the following angles: 

(a) Between VA and VD  

(b) Between PY and RQ  

(c) Between VA and ABCD  

(d) Between QRZW and PSYX . 

6. ABCDEF is a wedge , in which ABCD is a horizontal square base of side 10  units, 

and E and F  are 4  units vertically above C  and D  respectively. Find the following 

angles : 

(a) Between AC and FE  

(b) Between AE andCD  

(c) Between AE and ABCD  

(d) Between ABEF and ABCD . 

7. ABCD  is a regular tetrahedron of side 4 units. Find the following angles: 

(a) Between AC and BCD  

(b) Between ABC and ACD  

8. VABCD is a tetrahedron in which 21VA  cm, 27VB  cm and 32VC  cm. ,VA VB and 

VC  are at right angles to each other. Find the angle ˆBAC  

9. ABC  is an equilateral triangle of side 80 m in level ground. Vertical poles 

, ,AD BE CF  of  lengths 11m, 12m, and 15 m respectively are fixed at ,A B and C

.The tops the poles, ,D E and F ,form the corners of  a triangular roof. Find the area of 

this roof. 

10. From the top of a 100m cliff, Ship A  is due North at an angle of depression of 20 . 

Ship B  is on  a bearing of 045 , at an angle of depression of 25 . Find the distance 

of A  from B . 

11. Three spheres have centres ,A B  and C  and radii 5 cm, 6 cm, 7  cm respectively . 

They rest on a flat plane touching each other . The spheres meet the plane at ,D E and 

F  respectively. Find the angle ˆDEF . 

9.3 Examination questions 



1. An observer standing on a cliff 50 m high observes a ship due East at an angle of 

depression of 5 .Seven minute later he observes the ship on a bearing of 040  at 

an angle of depression of 3 . Calculate the speed of the ship in knots and the 

course which it is  taking. 

[1 nautical mile =1.853  km.] 

2. The triangle  ABC  lies in a horizontal plane ; 3AB   cm, 8BC  cm, 7AC  . 

(a) Prove that ˆ 60ABC    

(b) Find , in 2cm , the area of ABC . 

The point P  is 9 cm vertically above A . Calculate, to the nearest  0.5 , 

(c) The acute angle between PB  and the horizontal, 

(d) The acute angle between the plane PBC and the horizontal 

3. Find the smallest angle and the area of a triangle  whose side are measure as 6.3

m, 7.2 m, 8.1m. 

4. In the triangle ABC  , the point D  is the foot of the perpendicular from A to BC

.Show that : 

ˆˆsin sin

ˆsin

BC B C
AD

A
  

The triangle ABC lies in a horizontal .A vertical pole FT  

 Stands with its foot AD  and between A  and D  .The topT  the pole is at a height 

3 m above the plane, and the angle of elevation of T from D is 65 . Given that 

7BC  m, angle  34C   , calculate AF  correct to two decimal places. 

Find, to the nearest degree, the angle between the planes ATC  and ABC . 

 

 

 

 

Common errors 

1. General 

 Make sure that you label the triangle correctly. The formulae are only if side a  is 

opposite angle A  etc. 

2. Sine rule  

When using the sine rule to find an angle, do not forget the ambiguity of the sine 

function. If 
1

sin
2

  , then   could be either 30 or 150 . Questions are set 

deliberately to test knowledge of this point . 

3. Cosine rule  

Arithmetic errors are very common, especially when using the cosine rule to find an 

angle. After working out the top line of the formula, be sure to press the             

button. If you do not so , then only the 2c  term will be divide by 2ab . 

Be sure that you divide the top line by a  and by b .If your formula is  
2 2 25 6 7ˆcos
2 5 6

C
 


 

 

  



Then you  should obtain ˆcos 0.2C  . If instead you obtain ˆcos 180C  , then you 

have multiplied by 5  and by 6 . 

4. Angles between lines and planes  

Make sure you use the correct lines when finding the angle between a line L and a 

plane P . The line within the plane must be the perpendicular projection of L on P . 

Make sure you use the  correct lines when finding the angle between two planes  P  

and Q . The lines must be perpendicular to the line of intersection of  P and Q . 

 

 

 

 

 

 

 

Solution (to exercise) 

9.1.2 

1.    (a) 11.3                  (b) 9.43  

2.    (a) 50.5                  (b) 4.85  

3.    (a)136.5                 (b)129  

4.    (a) 44.4   or 135.6   (b)124.5  or 5.47  

5.    4.22&3.60  

6.    ˆ 70.7A    or 109.3 , ˆ 55.3B    or 16.7  

7. 2807 m 

8. 29.8 km 

9. 54 m 

10. 075  or 175 .3.03 km or 0.25km 

11. (a) 3.88  (b) 7.30  

12. (a)16.6  (b)134.6  

13. 65.6 ,63.0 ,54.3    

14. 25.1  

15. 81.8  miles 

16. 5.35km 

17. 12.6  cm 

18. 126.6 ,6.89  

19. 6.4  

20. (a) 76  (b) 92.8  

21. (a) 3.86  (b)80.3  

22. 33.8  

23. 36.9  

24. 4.25  

25. 27.9   or 7.29  

26. 45.5  



28. 14.4  cm 

 

9.2.2 

1.   (a) 45                  (b) 90                   (c) 60                       (d)54.7  

2.   (a) 45                  (b) 45                   (c) 35.3                    (d) 0  

3.   (a) 45                  (b) 54.7                (c) 35.3                    (d)90  

4.   (a) 71                  (b) 61.5                (c) 34.9                    (d)81.2  

5.   (a) 38.9               (b) 70.5                (c) 61.9                    (d) 69.3  

6.   (a) 45                  (b) 47.1                (c)15.8                     (d) 21.8  

7.   (a) 54.7                (b) 70.5  

8. 70.3  

9. 231.2m  

10. 195m  

11. 52.2   
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