
 
 

 

 

 
 

 

 

19  Permutations and combinations 
 

The number of ways in which n objects can be arranged in a definite order is: 

( 1)( 2)( 3) 3.2.1n n n n    

This is pronounced 'n factorial', and written !n . By convention, 0! 1 . 

If r  objects are to be permuted from n  objects, i.e. arranged in a definite order, then the 

number of ways in which this can be done is: 

!
( 1)( 2) ( 1)

( )!

n

r

n
P n n n n r

n r
     


 

If r objects are to be combined from n  objects, i.e. selected in any order, then the number of 

ways in which this can be done is: 

! ( 1)( 2) ( 1)

!( )! !

n

r

n n n n n r
C

r n r r

   
 


 

n

rC is often written as 
n

r

 
 
 

 

The expression n

rC   was also defined as the binomial coefficient in Chapter 3. 

 

19.1 Simple arrangement problems 

1. Find 

(a) 10

3P      (b) 100

3C  

Solution 

(a) Use the definition. 

100

3

10!
720

7!
P    

(b) The second from of the definition will be used, as a calculator may not be able to handle 

100!  

100

3

100 99 98
161,700

3!
C

 
   

2. In a game of poker, 5 cards are dealt from a pack of 52 . How many possible poker hands 

are there? 
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Solution 

Here 5 cards are selected from 52, without regard to order. This is a combinations problem. 

Number of hands 52

5 2,598,960C   

3. A telephone number contains 6 digits. How many possible telephone number are there in 

which no digit is repeated is: 

Solution 

There are ten digits. For a telephone number the order of digits is important. Hence the total 

number of possible telephone numbers in which no digit is repeated is: 
10

6 151,200P  = 151,200 

19.1.2 Exercises 

1. Evaluate the following 

(a) 6!    (b)10!  

(c) 11!     (d) 5

2P  

(e) 12

4P     (f) 20

5P  

(g) 6

2C      (h) 12

5C  

2. Evaluate the following 

(a) 5

5P     (b) 100

4P  

(c) 10

10C    (d) 100

2C  

(e) 1001

999C    

3. Show that 20 20

6 14C C  

4. Show that n n

r n rC C   . Explain in words why this is true. 

5. Is it true that ?n n

r n rP P   

6. How many ways can you arrange the letters from the word CODES? 

7. At Scrabble 
TM

 you have the letters XZJYPVK. How many 3 letter arrangements can be 

made from them? 

8. At travelling sales man must visit 15 towns. In how many different ways can he plan his 

journey? 

9. How many numbers between 100  and 1000  use only odd digits, no digit being repeated? 

10. In Mastermind a code is picked using 4 out of colours. How many codes are possible,  if 

no colour can be used twice? 

11. There are 14 horses in a race. In how many ways can the first 3 places be filled? 

12. A class contains 25 pupils. In how many ways can prizes be awarded in Latin, French and 

Mathematics, if no pupil can win more than one prize? 

13. In how many ways can eight books be arranged along a shelf? 

14. At Scrabble the letters QWYPKGDZXBM are left in the bag. In how many ways can you 

draw out four of them? 

15. You are given 12 points on a plane, no three of them being in a straight line. How many 

triangles can be drawn using the points as vertices? 

16.You are given 9 points on a circle. How many chords do they form? 



17. You have 10 blue flowers are 5 b red flowers. In how many ways can they be planted in a 

row, if we do not distinguish between flowers of the same colour?     

18. The travelling salesman of Question 8 decides to visit only 5 towns. In how many ways 

can his selection be made? How many possible journeys does he have now? 

19. In Bridge each player receives 13 out of the 52 cards. How many possible Bridge hands 

are there? 

20. A coin is tossed 10 times, and heads comes up 4 times. In how many ways can this have 

happened? 

21. You win a tennis set 6-4. How many ways can this have happened? 

 

19.2 Compound problems 

19.2.1 Example 

1. How many arrangements are there of the letters of the word SCROOGE? 

In how many of these are the O' s together? 

Solution 

If the O' s were different, there would be 7! arrangements. But the O' s can be permuted 

without changing the arrangements. Hence there are: 

                 
7!

2520
2!
 arrangements 

If the O' s are kept together, then they can be considered as one single letter. The number of 

arrangements is therefore: 

6! 720  

2. A squash team is to contain 3 men and 2 women, chosen from 15 men and 9 women. In 

how many ways can the team be chosen? 

Solution 

The men can be picked in 15

3 455C       ways. The women can be picked in 9

2 36C       

ways. The total number of possible teams is therefore: 

455 36 16,380   

3. 4 six-sided dice are rolled. What is the probability that the numbers they show are all 

different? 

Solution 

The number of way in which 4 different number could be selected is 6

4 360P   

The number of way in which the 4 number, not necessarily different, could be selected is

6 6 6 6 1296    . 

The probability is therefore 

360 5

1296 18
  

 

19.2.2 Exercises  

1. Find the number of arrangements of the letters of 

1. Evaluate the following 

(a) DREAD   (b) CASSETTE 

(c) TERROR    (d) HORROR 



(e)INTERDENOMINATIONAL 

2. How many arrangements are there of the letters from ABACUS in which the A' s are 

together? 

3. How many arrangements are there of the letters from ABACUS in which the A' s are not 

together? 

4. How many arrangements are there of the letters from BRAINS in which the vowels are 

together? 

5. How many arrangements are there of the letters from IDAHO in which the consonants are 

separated? 

6. A library contains 10 thrillers and 18 science-fiction books. In how many ways can a 

borrower select 2 of each? 

7. A committee must contain 3 men and 4 women. In how many ways can the committee be 

chosen from 10 men and 6 women? 

8. In how many ways can 7 men and 8 women sit on a beach, if no 2 women can sit next to 

each other? 

9. A shelf contains 5 Western books and 4 Romances. In how many ways can they be 

arranged 

(a) without any restrictions 

(b) if all the Western are together and all the Romances are together 

(c) if all the Western are together 

(d) if no two Western are together? 

10. How many codes are there in the Mastermind game of Question 10, 36.1.2, without the 

restriction that colours may not be repeated? 

11. How many numbers are there between 100 and 1000 in which the digit 0 does not appear? 

12. How many numbers between 500 and 1000 are there using only the digits 1, 3, 4, 6, 7? 

13. How many odd numbers are there between 5000 and 10000 are there using only the digits 

1, 3, 6, 7, 8? 

14. 12 circles are drawn on a piece of paper. What is the greatest possible number of 

intersection points? 

15. In a certain country car registration numbers consist of 3 letters followed by 4 numbers. 

How many registrations are possible if 

(a) no letter or digit may be repeated 

(b) without such a restriction? 

16. How many 3 letter arrangements can be taken from the letters of DREAD? 

17. In its sweet-box a child has 3 toffees, 2 chocolates and 1 liquorice. Its mother only allows 

it to eat 3. In how many ways can this be done? 

18. There are 27 children in a class. Find the probability that: 

(a) Their birthdays are all different. 

(b) At least two children have the same birthday. 

(Ignore leap years; assume that all days of the year are equally likely; leave your answer in 

factorial form)   

19. In Bridge the 52 cards are dealt to 4 players. How many possible Bridge deals are there? 

20. Find the probability that a Bridge hand of 13 cards contains:  

(a) 7 spades   (b) 7 cards all of the same suit 



21. In a game of Bridge, North and South have 8 hearts between them. What is the 

probability that the remaining 5 are split 3-2 or 2-3 between East and West? 

22. A railway carriage has 4 seats on each side. In how many ways can 6 men and 2 women 

sit if 

(a) the women sit opposite each other 

(b) the women do not sit next to each other? 

23. A diagonal of a polygon is a line joining two vertices which are not next to each other. 

How many diagonals are there for a 

(a) 10 sided polygon  (b) n-side polygon. 

24. In how many ways can two taxis, each of which will take at most 4 passengers, take a 

party of 7 people if 2 of them refuse to be in the same taxi? 

 

19.3 Examination Questions 

1. In the small country of Ruritania, car registration plates consist of different arrangements 

of groups of 4 letters taken from the Ruritanian alphabet which consists of 10 letters. 

Calculate the number of different registration plates which can be made if 

(a) repetitions of letters are not allowed 

(b) the letters can be repeated any number of times 

In case (b), all the different possible arrangements are listed and one arrangement is then to 

be chosen at random. Calculate the probability of choosing an arrangement which has 

(c) two or more letters the same 

(d) different letters at the beginning and the end of the arrangement. 

2. Three girls and three boys enter a railway compartment in which there are six seats 

altogether, three on each side. In how many different ways can the seats be occupied? 

If the girls all sit on one side and the boys sit opposite in how many different ways can the 

seats be occupied? 

If the girls enter the compartment first and occupy three of the four corner seats and the boys 

then follow them and occupy the remaining seats, in how many different ways can the seats 

be occupied? 

3. John and Mary are members of a group of eight boys and  two girls. 

(a) In how many ways can they all be seated in a row if John and Mary always sit 

together?(Leave your answer in factorial form.)   

(b) In how many ways can a sub-committee of five be chosen from the same group of ten if: 

(i) both John and Mary are on it, 

(ii) either John or Mary is on it but not both, 

(iii) at least one girl is on it? 

                [O&C ADD] 

4. A certain game is played with a number of cards, each of which has a single letter printed 

on it. A  

Player has ten cards, which are lettered A, C, E, E, E, F, L, W , X respectively. 

(i) A 'word' is any arrangement of these ten letters, for example LXCELWFEEA. 

(a) Find the total number of different 'word' that the player can make. 

(ii) A second player chooses three of the first player' s ten cards at random, and takes them 

from the first player. Calculate the probability that 



(a) the three cards will all carry the letter E or L, 

(b) the first player' s remaining seven cards will all carry different letters. 

5. How many distinguishable arrangements of the 10 letters of the word STATISTICS are 

possible? 

Three letters are selected without replacement from these ten and the number of 

distinguishable ways of arranging them is calculated. What is the total number of 

distinguishable arrangements for all possible such selections? 

The ten letters are written one on each of ten cards. Two cards are selected at random and 

form these any card not carrying an S or a T is discarded and another selected in its place 

from the remaining cards. What is the probability that the cards now chosen are either two S' 

s or two T's?] 

 

Common errors 

1.  Make sure you do not confuse  n

rP and  n

rC . If the order is important then  is 

used, if it is not important then n

rC  is used 

2.   0! 1 , not 0. In particular, 
0 1nC  . If we select 0 objects out of n, then there is 

1 way of doing it. (Don't pick any!) 

3.  Suppose you are making  two different selections, say of 5 from a group of 10 

and 6 from another group of 9. The total number of ways is the product of 10

5C  

and 9

6C   . Do not add the expressions. 

4.  Suppose r   items are selected out of n .  If repetition is allowed, then the 

number of ways is
rn  . If repetition is not allowed, the number of the ways is  

n

rP  .  Do not confuse these.  

 

Solution (to exercise) 

36.1.2     

1.   (a) 720  (b) 3628800   (c) 39916800   (d) 20  

(e)11880  (f)1860480   (g)15    (h) 792  

2. (a)120   (b) 94109400   (c)1   (d)500500  

(e) 500500  

5. No 

6. 120  

7. 210  

8. 15! 

9. 60  

10. 840  

11. 2184  

12. 13800  

13. 40320  

14. 330  

15. 220  



16. 36  

17. 3003  

18. 3003,360360  

19. 116.35 10  

20. 210  

21. 126  

36.2.2    

1. (a) 60   (b) 5040  (c)120   (d) 60   (e)
135.28 10  

2. 120  

3. 240  

4. 240  

5. 72  

6. 6885  

7. 1800  

8. 203212800  

9. (a) 362880   (b) 5760  (c)14400   (d) 2880  

10. 2401  

11. 729  

12. 50  

13. 225  

14. 132  

15. (a) 78624000   (b)175760000  

16. 33  

17. 6  

18. (a)
27

365!
0.373

338! 365



 

19. 285.364 10  

20. (a) 0.0088   (b) 0.035  

21. 0.68  

22. (a) 5760   (b) 31680    

23. (a) 35     (b)
1

( 3)
2

n n  

24. 40  
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